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Abstract. In this paper, we study some properties of associated se- 
quences in umbral calculus. From these properties, we derive new and 
interesting identities of several kinds of polynomials. 



1. Introduction 

We recall that the Bernoulli polynomials are defined by the generating 
function to be 

i- °° fn 



e* — 1 ' n\ 

n=0 

with the usual convention about replacing B^[x) by Bn{x). 

In the special case, x = 0, Bn{0) = are called the n-th Bernoulli numbers 

(see[l - 14]). 

For r G Z+, the higher order Bernoulli polynomials are also defined by the 
generating function to be 

s ^ / U 

times 

In the special case, x = 0, i?n (0) = Bn are called the n-th Bernoulli 
numbers of order r (see [5, 6]). From the definition of Bernoulli numbers, we 
note that 

Bo = l, (B + ir - Bn = 5i,n, (see[7,8,10]), 
where 6n,k is the Kronecker's symbol. 

As is well Known, the Euler and higher-order Euler polynomials are also 
defined by the generating functions as follows: 

O °° j.n 

ie- = e^(-)* = 5:i?„(x)^. 



e + - 

n=0 



and 

2 



+ 1 V e* + 



r— times 
1 



2 



DAE SAN KIM, TAEKYUN KIM, SEOG-HOON RIM 



with the usual convention about replacing (^E^^\x)y^ hy En (x) (see[3, 4, 5, 6]). 
Let C be the complex number field and let T be the set of all formal power 
series in the variable t over C with 

OD 

:F={fit) = J2^t'\a,GC}. 

n=0 

Let P = C[t] and let P* be the vector space of all linear functional on P. 
Now, we use the notation < L \ p{x) > to denote the action of a linear 
functional L on a polynomial p{x) (see[4, 11]). 
The formal power series 

oo 
fc=0 

define a linear functional on P by setting 

< f{t) \ x" >= an, for all n > 0, (see[4, 11]). 
Thus, we have 

< I >= n\6n,k, (•see[4]). 

Let hit) = J2T=o [f^ t^- Then, we note that < /^(t) | >=< 
L \ x"^ > and so as linear functionals L = fhit)- It is known in [11] that the 
map L fhit) is a vector space isomorphism from P* on to F. Henceforth, 
J- will denote both the algebra of formal power series in t and the vector 
space of all linear functionals on P and so an element /(t) of J-" will be 
thought of as both a formal power series and a linear functional. We shall 
call F the umbral algebra. The umbral calculus is the study of umbral alge- 
bra and modern classical umbral calculus can be described as a systematic 
study of the class of Sheffer sequences (see[ll]). The order 0{f{t)) of the 
power series f{t)j^O is the smallest integer k for which a^ does not vanish. 
The series f{t) has a multiplicative inverse, denoted by f{t)~^ or j^y if and 
only if 0{f{t)) = 0. Such a series is called invertible series. A series f{t) 
for which 0{f{t)) = 1 is called a delta series (see[4, 11]). Let f{t),g{t) G F. 
Then, we see that 

< f{t)g{t) I p{x) >=< fit) I g{t)p{x) >=< g{t) I f{t)p{x) >, (see[ll]). 
In [11], we note that for all f{t) in F 

k=0 

and for all polynomials p{x) 

fe=o 
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Thus, we get 

l=k 

and 

p('=)(0) =< t'' I p{x) > and<l I p^''\x) >= p^''\0). 

From this, we have t^pix) = = ^^-j^, {k > 0). It is not difficult to 

show that ey^p{x) = p{x+y) (see[4, 11]). Let Sn{x) be a polynomial with deg 
Snix) = n, f{t) a delta series and let g{t) be an invertible series. Then there 
exists a unique sequence Sn{x) of polynomials with < g{t)f{t)^ \ Sn{x) >= 
n!(5„fc,(n, /c > 0). The sequence is called the Sheffer sequence for 

(gitjjit)), which is denoted by Snix) ~ (git) Jit)) . If Sn{x) ~ (l,/(t)), 
then Sn{x) is called the associated sequences for f{t), or Sn{x) is associated 
to f{t). If Sn{x) ~ {g{t),t), then Sn{x) is called the Appell sequence for 
g{t) or Sn{x) is Applcll for g{t) (see[4, 11]). For p{x) € P, we have < 
^ I p^x) >= J^piu)du (see[4, 11]) 

Recently, Dere and Simsek have studied umbral calculus related to special 

polynomials. In this paper, wc study some properties of associated sequences 
in umbral algebra. From these properties, we derive new and interesting 
identities of several kinds of polynomials. 

2. Some identities of polynomials arising from umbral calculus 

Let Pn{x) ~ (l,/(t)) and qn{x) ~ {l,g{t)). Then, for n > 1, we have 

(1) Qnix) = X (^^j^ x'^^pnix), (see[ll]). 

Let us take Pn{x) = (x)„ and qn{x) = x". Then we see that {x)n ~ (l,e*-l) 

and x"" ~ (l,t). 

It is easy to show that 



n— times 



where S2{n, k) is the Stirling number of the second kind. 

For n > 1, by (1), wc get 

(3) x'' = x{^—] x-\x)n 



t 

;*-l 
t 

oo 

n! 



{x-r 



n-l 



= xY] n I ' M '^2(/ + n,n)t\x - l)„_i. 
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where {x)n = x{x — — n + 1). 

The stirhng number of the first kind is defined by 

n 

(4) {x)n = Y.Siin,l)x\ (see[6,ll]). 

1=0 

By (3) and (4), we get 
(5) 

{x + 1)^ = ^ ^ >■ S2{1 + n + l,n + l)J2Si{n,l + m)x^(Z + 

n n—m n+m\ 

= E E 4;^'52a + n + l,n + l)5i(n,Z + m)x-, 

m=0 /=0 \ i / 



and 
(6) 



m=0 ^ ^ 



Therefore , by (5) and (6), we obtain the following theorem. 

Theorem 1 . For m, n € Z+ = N (J{0} with n > m > , we have 

(V n—m n+m\ 

= E p^S,{l + n + l,n + l)S,{n,l + m). 



If is known that 

(7) (x)„ = (l,e*-l), (see[ll]). 
By (1) and (7), we get 

(8) = 

Thus, by (8), we have 

(9) = (x -!)„_!, (nGN). 
Therefore, by(9), we obtain the following lemma. 

Lemma 2 . For n G N , we have 

B^^+'-\x + l) = {x)n. 
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Note that 



t J ^ ' ' n V t / V e* - 1 

t 



1=0 

n 



e* - 1 



1=0 

By comparing the coefficients on the both sides of (10), we get 



(11) (^)<+^)(x) = s(")(x), (/>0). 



From (11), we have 

(12) (^l^^ B(-+'\x) = B(-\x), (n>0). 
By Lemma 2, (11) and (12), we get 

(13) sW(x + 1) = 4"+i)(x + 1) 



e* - r, 

{x)r 



t 

l-X+l 

I {u)ndu. 
Jx 



Prom (4) and (13), we have 

rx+l 



pX-\-L " pX 

(14) / {u)ndu = ^Si{n,l) / u^du 

Jx Jx-l 



1=0 



Therefore, by (13) and (14), we obtain the fohowing theorem. 
Theorem 3 . For n > 1 , we have 

n 

Bt\x + 1) = J]5i(n,/)— -(x^+i -{x- 1)^+1). 



l + \ 

1=0 



For a / 0, Abel sequence is defined by A^ix; a) = x(x — an)"' ^. 
In [11], we note that A„(x;a) ~ (l,te"*). 
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Let us consider the following associated sequences: 
(15) An{x;a) = x{x - an)''-^ {l,te''^), o / 0, 

(^)„~(l,e''*-l), (6^0). 



(16) (T)n = X 



For n > 1, by(ll), we get 

X ( bt 
^ b' 

where 



f \ ant/ \n-l 



Prom (16) and (17), we have 



X - an)"- ^ 



\k=0 

-nj^in) (ari\ (n-l\ .n-l-k 



=E''-"sr(7)("->(x-«n)' 

it=0 ^ ^ 

ECr)^""^^"^ (^)^„-,(x-a^;a). 



fc=0 

On the other hand, by (16), we get 

(19) iT)n=(iyx(J^]\^-\x-anr-' 



b'" \bj \ebi-l^ 
f bt 

b 



= (^) xY^\b\n-l)^x--^-^ 

n— 1 / -I \ / -I \ n—l—l 



1=0 ^ 

b^-^^b'- 



Therefore, by (18) and (19), we obtain the following theorem. 
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Theorem 4 . For n > 1 , we have 

ra-l 



= E ; ) b'-B^^' ) An-,{x - ak; a) 
k=0 ^ ^ 



Moreover, 

n— 1 



I — n V / 



fc=0 

Remark . For 6 = 1, n > 1, we have 

n-l 



= (x) = ^ ( ^ j (an) A„_fe (x - afc; a) . 

Let (j)n{x) = '^^=QS2{n,k)x^ be exponential polynomial. 
Then, we note that 

(20) (/.„(x)~(l,log(l + i)), x"~(l,i). 

It is well known that 

^ ^ fc=0 

By (1) and (20), we get 

(22) = Ji^^^V.-Vn(.) 



-{-ElT^^}-"Vn(x) 
fc=0 
n— 1 n 

-E E ^4""'=^^2(n,o.'-^ 

A;=0 l=k+l 



n-l n—k fk+m-l\ 



k=0 m=l 

n n-m /k+m—l\ 

= - E i E ^-^B^r'^S,{n, k + m)}x-. 



n + k 

rn=l k=0 



Thus, by (22), we obtain the following theorem. 
Theorem 5 . For n > 1 with 1 < m < n, we have 

n-m /k+m-l\ 

E^%ir^^r'^^2(-'^ + -) = W- 



n + k 

k=o 
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Let Mn{x) = X]fe=o(fc)('^ ~ l)n-A;2''(a;)fc be Mittag-Leffler polynomials 



with Mn{x) ~ (1, frrr)- Then, let us consider the following associated 



sequence: 



(23) M,(x) ^ (1, (x)n = (l,e*-l). 
For ri > 1, by (1) and (23), we get 

(24) {x)n=x(^-^^^ X-^Mn{x) 

= E E it) - i)-^2^^,(fc - 1, /)lx " (, _ 1)^ 

fc=0 1=0 ^ \ ^ / 

n fc— 1 ^ \ 

= E E ( J - l)n-fc2^-"5i(A; - 1, /)x£;(")(x - 1). 

k=0 1=0 ^'^^ 

Thus, by (24), we obtain the following proposition. 
Proposition 6 . For n > 1 , we have 

n fc— 1 / \ 

i^)n = E E ( J - l)n-fe2'-"5i(fe - 1,1)xEI''\x - 1). 
fc=0 1=0 ^ ^ 

For n > 1, by (1) and (23), we get 

(25) Mn{x) = x(e* + irx-\x)n = x(e* + l)"(x - l)„_i 

= ^E f^)''*'*^'' " = ^E (^) + ^ " 

fe=0 ^ A;=0 ^ 

The equation (25) is different from the expression 



'"x)k. 



k=0 

Therefore, by (25), we obtain the following corollary. 
Corollary 7 . For n > 1 , we have 

Mn{x) =X^Cf]ix + k- l)n-l. 
k=0 ^ ^ 

Let L^\x) be the Laguerre polynomials of order a{€ M). Then we note 
that lI^\x) ~ ((1 -t)~"~S^). Especially, L„(a;) ~ (1, t^r)- By the 
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definition of associated sequences, we see that 

(26) < 
Prom (26), we have 

(27) < 



(^J^l^ I Lnix) >= n\5n,k, in,k > 0). 



^^^^ I Lni-x) >= n\6n,k- 



Thus, by (27), we get 

(28) L„(-x)~(l,^). 

As it is shown in Roman [11], one can find an exphcit expression for Ln{x) 
by using the transfer formula 

Ln{-x) = j2{lZ 1) ?[^'' ^ 1)' (^ee[ll]). 



oo ,u 



(29) 

It is well known that 

p») (i+t)i:g(i+t) °g/^'"^- 

Thus, by (29), we get 

Prom (1),(20) and (28), we have 

= X , . " V r " - ' ^ ^.x-. 



(1 + t) log(l + t) y \m-lj m\ 



By (30) and (31), we get 
(33) 

(t)n{x) 

n / -I \ 1 m—1 



=E(::i)^^(E E (,,!,J-;:"-t'}^--' 



m=l ^ ^ A;=0 /i+...+/n=^ 

EE,^E^J::i)("■;0^(,,!,J«^:■>..-^^'--' 

n m 



m=l k=0 li+...+ln=k 



EfE E (::;)(T:;)^(r",')^-":--<"'i-'- 

m=l i=l ii+...+i„=m— i 



m 



-lj\l-ljm\\h,...,lj ^" 
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From (20), we have 

n n 

(34) cl)^{x) = J2S2{n,k)x'' = J2S2{n,k)x\ (n > 1). 

A;=0 k=l 

Therefore, by (32) and (33), we obtain the fohowing theorem. 

Theorem 8 . For n > 1 with 1 < ^ < n, we have 
S2{n,l) 

^£,,..£.-,(:-')(T-"/)SG::;>.r-?"' 



It is weh known in [5,6] that 

k=0 \j=0 \ j ) I ' 



Prom (35), we have 
(36) 



(^) ^wVEfEM) 

where a,b ^ 0. 
By (1) and (15), we get 

(37) 

(n!)26" ^xY^ I Y^^-anf ^^^-p^ ) ^(;^ - l)n-i, 



fc=0 \ j=0 



where 



n— 1 

(38) t*^(^ - l)„_i = ^ 5i(n - 1, Z)i'=(^ - 1)' 

/=o 

= Xi^i(n-l,0(^)'(0;c(^-l)'-^ 
j=fe 
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From (36) and (37), we have 
(39) 

An{x; a) = x{x — an)'^~^ 

k=0 \j=0 l=k V j / / 

Therefore, by (39), we obtain the following lemma. 

Lemma 9 . For n > 1, we have 
An{x;a) 



-k 



fe=0 \j=0 i=k \ j ) 

Remark. Let 6=1. Then we have 
An{x; a) = x{x — an)"'^^ 

,fe_,(')(i)^2(j + n,n)5i(n-l,0\ ^ 

k=0 \j=0 l=k y j ' 

It is well known in [5, 6] that 

(40) (1 + y-^r _ y. (k-n+l) . . 

^ ' (log(l + i))--^/^ ^""hV 

Prom (39), we have 

,41, (iilia!-)" = £<-»«)(„„ + 4. 

Let us consider the following associated sequences: 

(42) Snix)^{l,t{t + ir),{a^O), x"~(l,i). 
Then, for n > 1, by (1) and (41), we get 

(43) 5„(x) = x(^^^yx-V 



l-k 



xil + ty'^x 

n-1 



an^n—l 



n—l—k 



k=0 ^ ^ 
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Therefore, by (42), we obtain the following proposition. 

Proposition 10 . Forra > 1, let Sn{x) ~ {l,t{l + 1)"), (a ^ 0). 
Then, we have 



k=l ^ 



By (1), (20) and (41), we get 

(44) = X (i^(r^) " ^"'^"(^) 



From (40) and (44), we get 
(45) 



1=1 ^ ^ 



t(i + t)" ^" 

log(l + 1) 



i=i ^ k=0 



/=1 fe=0 

n I 



/=! m=l ^ ^ ^ 

m=l i=m ' 

Therefore, by (20) and (44), we obtain the following theorem. 
Theorem 11 . For n > 1 and m > 0, we have 

m<l<n ^ ^ ^ ^ 



Let us consider the following associated sequences: 

(46) s:(x)~(l,^^^^), x-^{l,t) 
Then, by (1) and (46), we get 

(47) S*^{x) = X ^n-i ^ 
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For n > 1, by (1), (15) and (46), wc get 




n-1 



n-1 



k=0 ^ ^ 

Therefore, by (47) , we obtain the following theorem. 



= ( " A- {an)x{x - an) 




n—l—k 



Theorem 12 . For n > 1 , we have 



xE^:\{x) = Y^[ ]Et\an)K-k{x-ak-a) 



k=0 
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